MATH2020B - ADVANCED CALCULUS II - TUTORIAL 10

TA: LEE, Yat Long Luca

Email: yllee@math.cuhk.edu.hk

Office: Room 505, AB1

Office Hour: Send me an email first, then we will arrange a meeting (if you need it).
Tutorial Arrangement:

e (1330-1355/15:30 - 15:55): Problems.

e (1355-1415/ 15:55 - 16:15): Class exercises.

e (1415 - 1430/ 16:15 - 16:30): Submission of Class Exercise via Gradescope.
e (1430 - 1530/ 16:30 - 17:30): Late submission period.

Announcement: There is a class exercise 9 but cancelled due to the reading week. It is now
attached at the end of this tutorial notes, solution will be uploaded together with the solution
of this tutorial notes later.

1 Green’s Theorem

Theorem 1.1 (Green’s Theorem). let C be a piecewise smooth, simple closed curve enclosing a
region R in the plane. Let F = Mi+ Nj be a C''-vector field in an open region containing R. Then

// (3_N_3—M) dA:j{deJrNdy,
r \ Ox y C

where C is oriented in the anticlockwise direction.

Q1

Let F(z,y) = (v — y)i+ zj and R be a region bounded by the unit circle C' : r(t) = costi + sintj
for t € [0, 27]. Verify that the Green’s theorem holds

Solution:
Observe that M(z,y) = z —y and N(z,y) = x. Then

2
7{ Mdx+ N dy = ]{ (cost —sint)(—sint dt) + cost(cost dt) = 2m
C 0

//R (%—Z B %—Aj) 4= //R<1 — (-1))dA = 2r(1)" = 2.

Green’s theorem holds for this question because F is clearly a smooth vector field, in partic-

while

ular C'. Moreover, C is a unit circle, which is a smooth, simply closed curve enclosing the
interior of the unit circle.
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Q2

Evaluate the line integral
f (3y — %) da 4 (Tx + /yt + 1) dy,
c
where C is the circle 22 + y? = 9.

Solution:
The reason to learn Green’s theorem is that when terms that are difficult to integrate appear,
we can simply ignore them.

Check:

o F(z,y) = (3y — es"®)i + (Tz + /y* + 1)j is smooth.

- You can check it by simply differentiating it. Since we only require C' here, you do
not need to calculate every derivatives.

e ( being the circle 22432 = 9 satisfies the condition stated in Green’s theorem as discussed
in Q1.

Then

' 0 0 .
j{(Sy — e de + (Te+Vy* + 1) dy = // g(h“ +Vyt+1) - 8_y(3y — ST dA
c R

- [[ 7314
(3)

= 47(3)?

= 36m.

As you can see, the terms ¢ and /y* + 1 are gone.
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2 Area

We can also find the area using Green’s theorem.

Idea: Since [[,, 1 dA gives the area of D, and the Green’s theorem states

// (G_N_a_M> dA:?{MdHNdy
ox C
oM

therefore, if 2 9 — 9y = L then the right hand side (after choosing appropriate M and N)
yields the area of D. There are several possibilities:

1. N(z,y) =z, M(z,y) =0
2. N(z,y) =0, M(z,y) = —y
3. N(z,y) = 21’ M(x,y) = ;y

Corollary 2.1 (Area formula).

Area(D):%xdy:—%ydm:
C C

%xdy—ydx
C

N —

Q3
2 2

Find the area enclosed by the ellipse :E— +Y

==L

Solution:
The parametrization of the ellipse is given by

r(t) = (acost,bsint).

Notice that
dxr = —asint dt, dy = bcostdt

then

1 1 2m
—7{ rdy —ydr = —/ acost(bcost) dt — bsint(—asint) dt
2 Je 2 Jo

= mab.
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3 Class Exercise 9

No need to submit class exercise 9.
1. Find the area of the ellipse cut from the plane z = cz by the cylinder 22 + y? = 1.

2. Find the flux of F = 2%i + xj — 32k outward through the surface cut from the parabolic
cylinder z = 4 — y? by the plane z = 0, z = 1, and z = 0.

Solution:

(1) Solution. A parametrization is given by
s(r,0) = (rcosf,rsinb, crcosf), (r,0) € [0,1] x [0,27] .
We have s, = cos 6i + sin 6j + ccos 0k and sy = —r sin #i + r cos #j — cr sin k. Hence
S, XSy =—cri+rk.

The area of the ellipse is equal to
2m 1
// |S7~><Sg‘dA(7”,9)—/ / V1i4+Erdrdd =1+ .
Dy o Jo

(2) Solution. A parametrization of the surface is
r(z,y) = (x.9.4-y°), (z.y) € R=[0,1] x[-2,2].
Ast, x 1ty = —pzi — ¢, + k = 2yj + K, the flux is equal to
[ B ot )- o+ ) dA )
=[] =3 day

1 2

= //(2xy—3(4—y2))dyd$
0 J-2
—-32.



